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Abstract. In this paper, we are concerned with the first initial boundary 
value problem for a class of fully nonlinear parabolic equations on Riemannian 
manifolds. As usual, the establishment of the a priori estimates is our 
main part. Based on these estimates, the existence of classical solutions is 
proved under conditions which are nearly optimal. 
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1. Introduction 

In this paper, we study the Hessian equations of parabolic type of the form 

(1.1) f{X(V'^u + x),-Ut) = 'ip{x,t) 

in Mt = M X (0, T] C M X R satisfying the boundary condition 

(1.2) u = ip on VMt, 

where (M, g) is a compact Riemannian manifold of dimension n > 2 with smooth 
boundary DM and M := M UdM, VMt = BMtU SMt is the parabolic boundary 
of Mt with BMt = M x {0} and SMt = dM x [0,T], / is a symmetric smooth 
function of n + 1 variables defined in an open convex symmetric cone F C 
with vertex at the origin and 

r„+i = {A € : each component Ai > 0, 1 < * < n + 1} C F, 

denotes the Hessian of u{x, t) with respect to a; G M, ut = ^ is the derivative 
of u{x,t) with respect to t G [0,T], y is a smooth (0, 2) tensor on M and A(V^m + 
x) = (Ai,..., A„) denotes the eigenvalues of + x with respect to the metric g. 

As in [3] (see [5] also), we assume that / satisfies the following structural condi¬ 
tions: 

Of 

(1.3) /i = — > 0 in F, l<i<n-|-l, 

uXi 

(1.4) / is concave in F 
and 

(1.5) j = inf — sup/ > 0, where sup/= sup limsup/(A). 

Af ar 9r AoGSr a-s-Aq 

We mean an admissible function by it G C^{Mt) satisfying (A(V^it-|-x )5 —Ut) G F 
in Mt-, where C^{Mt) denotes the space of functions defined on Mt which are 
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fc-times continuously differentiable with respect to x G M and [fc/2]-times contin¬ 
uously differentiable with respect to t G (0,T] and [k/2\ is the largest integer not 
greater than fc/2. We note that (11.11) is parabolic for admissible solutions (see [1]). 
We first recall the following notations 

E suplV'^UJ'ul, 

|/3|+2r-<fc 


\V^Dlu{x,s)-V^Dlu{y,t)\ 

+ sup sup - - -r -5 - 

m+2r=k (^la; - ?/|-f |s - f|i/2j 

{x,s) ^ {y,t) 

and C^+°'{Mt) denotes the subspace of C^{Mt) dehned by 

:= {u G : \u\c.+.(m^) < oo}. 

In the current paper, we are interested in the existence of admissible solutions 
to p.lD - (ll.2D . The key step is to establish the a priori estimates. Using the 
methods from [10], where Guan studied the elliptic counterpart of dni): 

(1.6) f{X{V^u + x)) = ipix) 

in M satisfying the Dirichlet boundary condition, we are able to obtain these esti¬ 
mates under nearly minimal restrictions on /. 

Our main results are stated in the following theorem. 

Theorem 1.1. Suppose that if) G C°°{Mt), € C°°{'PMt) for 0 < T < oo, 

(1.7) (A(V^(/5(x, 0) -I- x{x)), —pt{x, 0)) G r for all x G M 
and 


(1.8) f{X{V‘^(p{x, 0) -I- x(a:)), —pt{x, 0)) = tj;{x, 0) for all x G dM. 

In addition to (fr3l)-(IT31). assume that 


(1.9) 


n+1 


fj{X) > 1^0 (l + Y^ /»(A)) for 


any A G T with Xj < 0, 


for some positive constant i/q, 


n+1 n+1 

(1.10) ^/.A, >-Ko^/., VAgT 

i=l i=l 

for some Kq > 0 and that there exists an admissible subsolution u G 
satisfying 


r/(A(V+-bx),-uJ >'i/>(a;,t) in Mr, 
(1.11) < u=P on SMt, 

I on BMt- 


Then there exists a unique admissible solution u G of (ll.ll) - (ll.2l) . 
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Remark 1.2. Condition dill) is only used to derive the gradient estimates as many 
authors, see [21], [E], |S], [2Q], [23] and [27] for examples. 

Condition (11.101) is used in the estimates for both |Vm| and \ut\. We will see that 
in the gradient estimates, condition (11.101) can be weakened by 

n+1 n+1 

( 1 . 12 ) J2hK>-Ko(i + J2fi)^ 

i—1 i—1 

As in m. the existence of u is useful to construct some barrier functions which 
are crucial to our estimates. 

The most typical examples of / satisfying the conditions in Theorem 11.11 are 
/ = and / = l<l<k<n + l, defined in the Carding cone 

rfe = {AeR"+i:a,(A)>0,j = l,...,fc}, 

where are the elementary symmetric functions 

o’fe(A) = ^ Aii...A 4 , fc = l,...,n + l. 

When / = equation (11.11) can be written as the parabolic Monge- 

Ampere equation: 

(1.13) -utdet(V^M + x) 

which was introduced by Krylov in m when X = 0 in Euclidean space. Our 
motivation to study is from their natural connection to the deformation of 

surfaces by some curvature functions. For example, equation (11.131) plays a key role 
in the study of contraction of surfaces by Gauss-Kronecker curvature (see Firey [5] 
and Tso [IS]). For the study of more general curvature flows, the reader is referred 
to [T], [2], [E], [22] and their references. (11.131) is also relevant to a maximum 
principle for parabolic equations (see Tso [26]). 

In [21| . Lieberman studied the first initial-boundary value problem of equation 
dnj when X = 0 and tp may depend on u and Vit in a bounded domain fl C 
]gn-i-i various conditions. Jiao and Sui [E] considered the parabolic Hessian 

equation of the form 

(1.14) f{X{V‘^u + x))-ut = ipix,t) 

on Riemannian manifolds using techniques from m and m where the authors 
studied the corresponding elliptic equations. Guan, Shi and Sui m extended the 
work of m using the idea of m-, they also treated the parabolic equation of the 
form 

(1.15) /(A(V2u + x)) = e“*+’^. 

Applying the methods of [S] , Bao and Dong [3] solved (ICT-ifT^l) under an additional 
condition which is introduced in [9] (see [H] also) 

(1.16) T\ n is a nonempty compact set, VA G T and sup^p f < a < /(A), 

where clT'^ = {A G T : /(A) = a} is the boundary of T"^ = {A G T : /(A) > a} and 
T\ denote the tangent plane at A of for a > supgp / and A G T. The reader 

is referred to m, m, 0,0, m. m, m and their references for the study of 
elliptic Hessian equations on manifolds. 
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We can prove the short time existence as Theorem 15.9 in [2T]. So without of 
loss of generality, we may assume 

(1.17) f{X{V^(p{x, 0) + x(^)): —‘Ptix, 0)) = ipix, 0) for all x £ M. 

As usual, the main part of this paper is to derive the a priori estimates. We 
see that dm is uniformly parabolic after establishing the estimates by dESD 
and (EH. The (7^’“ estimates can be obtained by applying Evans-Krylov theorem 
(see [S] and m)- Finally Theorem II.II can be proved as Theorem 15.9 of pT] . 

The rest of this paper is organized as follows. In section 2, we introduce some 
notations and useful lemmas. estimates are derived in Section 3. An a priori 
bound for |itt| is obtained in Section 4. Section 5 and Section 6 are devoted to the 
global and boundary estimates for second order derivatives respectively. 


2. Preliminaries 


Let F be the function defined by F{A,t) = /(A(A),t) for A £ §", r £ K. with 
(A(A), t) £ r, where S" is the set of n x n symmetric matrices. It was shown in [4] 
that F is concave from (na. For simplicity we shall use the notations U = V^rt+y, 
U_ = V^u + X and under an orthonormal local frame ei,..., e„. 


Uij — U Cj') — ijU -\- Xij ^ — ^ijUF Xij • 

Thus, (11.11) can be written in the form locally 


(2.1) F{U, -ut) = -ut) = 


Let 


dF dF 

F^i = ^(C/, -Ut), F^ = %-{U, -Ut) 


dA, 


dr 


fp- P fPP 

FgAI ^ ^^^_^^jj,-ut),F^^’^ = -^(U,-Ut). 


dAijdAki 


dAijdr 


By (11.31) we see that F'^ > 0 and {Fb} is positive definite. We shall also denote 
the eigenvalues of {F®!} by /i,..., /„ when there is no possible confusion. We note 
that {Uij} and {F^} can be diagnolized simultaneously and that 


= E F^^U^kUkj = E 


where X{{Uij}) = (Ai,..., An). 
Similarly to [10) . we write 


p{x,t) ={X{U{x,t)),-u^{x,t)), 
X{x,t) ={X{U{x,t)),-Utix,t)) 


and i^x = Df{X)/\Df{X)\ is the unit normal vector to the level hypersurface dT^^) 
for A £ r. Since K = {fi{x,t) : {x,t) £ Mt} is a compact subset of T, there exist 
uniform constants /3 £ (0, ^-^==) such that 

(2.2) ~ 2/31 £ r„+i,V(a;, t) £ Mt- 

where 1 = (1, • • • , 1) £ (see [T0]b 

We need the following Lemma which is proved in [10) . 
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Lemma 2.1. Suppose that \v^ — vxl > /3- Then there exists a uniform constant 
e > 0 such that 

n+1 n+1 

(2.3) + 

2=1 2=1 


Define the linear operator L locally by 

Hv = F^^VijV - F^vt, for v € 

From Lemma l2.II and Lemma 6.2 of [4] it is easy to derive that when |u^(x,t) ~ 

(2.4) £(m-u) >e(l + y]F“ + i^^). 

If — ua| < /3, we have iy\ — pi £ F^+i. It follows that 


(2.5) 


/.> 


\/n + 


n+1 

+ 

j=i 


fj, VI < I < n + 1. 


3. The estimates 


Since u is admissible and F C {A G ]R"+^ : see that m is a 

subsolution of 

^ f A/i - lit + tr(x) =0, in My, 

1 h =(p, on VMt- 

Let h be the solution of (j3.1l) . It follows from the maximum principle that u<u<h 
on Mt- Therefore, we have 

(3.2) sup |m| + sup |Vu| < C. 

Mt VMt 

For the global gradient estimates, we can prove the following theorem. 


Theorem 3.1. Suppose that (11.31) . (11.41) . (11.91) and (11.121) hold. Let u G C^{Mt) 
be an admissible solution of E2P in Mt- Then 

(3.3) sup |Vu| < C(1 + sup |Vm|), 

Mt VMt 

where C depends on I'fplci(jpfy I'*^Ic“(mF) other known data. 


Proof. Set 


W = sup we'^, 

{x,t)£MT 


where w = and </> is a function to be determined. It suffices to estimate 

IT and we may assume that IT is achieved at (xo,to) & Mt — VMt. Choose a 
smooth orthonormal local frame ei,..., e„ about xq such that = 0 at Sq and 

U{xo,tQ) is diagonal. We see that the function logic + (f) attains its maximum at 
(a;o,to). Therefore, at (a;o,to)i we have 


(3.4) 


w 


+ — 0, 


for each i = 1,..., n. 


— + <(>1 > 0 


( 3 . 5 ) 
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and 

(3.6) 

w \ w / 

Differentiating the equation (ini, we get 

(3.7) - F^VuUt = Vk^iork = l,...,n 
and 

(3.8) F^\Uu)t-F^utt=-ipt. 

Note that 

(3.9) ViW = VkuVikU, Wt = Vku{Vku)t, ViiW = {Vikuf + VkuVliku 
and that 

(3.10) VyfeU - ^jiku = RiijViu. 

We have, by (13.51) . (13.71) . (13.91) and p.lOp . 

> VkuF^^VukU 

(3.11) > - C\Vu\ - C7|Vu|2 ^ + F^VkuVkUt 

> - C\Vu\ - C|Vup F" - wF^(j)t, 

provided |Vu| is sufficiently large. Combining (13.41) . (13.6L (13.111) . we obtain 

(3.12) 0>-7^-CVf"-F"(V*()>)2+ £<)). 

|Vn| 

Let 4> = 5v^, where v = u + supjg;^|u| + 1 and (5 is a small positive constant to be 
chosen. Thus, choosing 5 sufficiently small such that 25 — > cq > 0 for some 

uniform constant co, by (11.121) . 

C(j) - = 25v{F'-^VriU - F^ut) + (25 - 45\^)F^^(Viuf 

(3.13) / X ■ , 

> - C,5q + ^ F" + F"J + coF"(V,m)2. 

It follows from (13.121) and (13.131) that 

(3.14) coF"(Viu)2 < (^(l + ^F^ + F^), 

provided |Vu| is sufficiently large. We may assume |Vu(a;o,ffi)| < nViM(xo,to) and 
by dH, 

Uii = -25vw + < 0 

Viu 

provided w is sufficiently large. Then we can derive from (jl.9p that 

F^^ > i/o(i+y]F”+F^y 

Therefore, we obtain a bound |Vu(xo, <o)| < C'n^/cot'o by (13.141) and (13.3p is proved. 

□ 

Remark 3.2. We see that in the proof of Theorem 13.11 we do not need the existence 
of u. 

By (13.21) and (13.3L the estimates are established. 
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4. ESTIMATE FOR \ut\ 


In this section, we derive the estimate for |Mt|. 

Theorem 4.1. Suppose that (11.31) . (11.41) . (11.101) and (11.111) hold. Let u G C^{Mt) 
he an admissible solution of E2P in Mt- Then there exists a positive constant C 
depending on \tAc'^(MT)’ \'4 ’\c'^(mT) other known data such that 

(4.1) sup \ut\ < C(1 + sup \ut\). 

Mt VMt 

Proof. We first show that 

(4.2) su-p{-ut) < C(1 + sup i-ut)) 

Mt VMt 

for which we set 

W = sup(—ut)e‘^, 

AIt 

where (j) is a function to be chosen. We may assume that W is attained at (xg, to) € 
Mt — VMt. As in the proof of Theorem 13.11 we choose an orthonormal local frame 
ei,--- , e„ about xg such that Ve^e^ = 0 and {Uij{xg,tg)} is diagonal. We may 
assume —Ut(xg,tg) > 0. At (a;o,to) where the function log(—u;) + (f achieves its 
maximum, we have 

(4.3) YlUl _|_ = 0, for each * = 1,..., n, 

Ut 

(4.4) — + > 0, 

Ut 

and 

(4.5) 

L Ut \ Ut / J 

Combining (14.3L (14.4|) and (14.51) . we find 

(4.6) 0 > —(F"V.,ut - F^utt) - A“(V.</.)2 + C^. 

Ut 

By (|3.8I) and (14.61) . 

(4.7) -^ + F"(V,0)2. 

Ut 

Let (j) = ^|Vup + 5u + h{u — u), where 5 <C 6 <C 1 are positive constants to be 
determined. By straightforward calculations, we see 

Vi(/) =6‘^V kuV iku + 5ViU + bVi(u — u), 

(ht =8'^Vku{Vku)t + 5ut + b{u - u)t, 

^ —d iku') ~t“(i V kU^ iikU -\~ aU -\~ ii (u u). 

It follows that, in view of (13.71) and (13.101) . 

£</> > S^VkuiF^^VukU - F"(Vfeu)t) + 

+ SF^^Wuu - SF^ut - Y. +bC{u- u) 

> -CS^(i + Yp"') +Y^""U^^ + 5Cu + bC{u-u). 


(4.8) 
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Next, 

(4.9) <C5^Ul+Ch^. 


Thus, we can derive from (I4.7L (14.81) and (14.91) that 
(4.10) bC{u-u) + + 5Cu< + 

when 5 is small enough. Now we use the idea of [10] to consider two cases: (i) 
It'Mo - i^Aol > /3 and (ii) - i^AqI < P, where /jq = ^(xo, to) an d Aq = A(a:o,to)- 
In case (i), by Lemma I^TTl we see that (12.41) holds. By (II.IOL we have 




(4.11) Cu > F^^U^i - F'^ut - C ^ T’" > -Kq ( X! Z! 

Combining with (I4.11|) and (14.101) . we have 

(4.12) bL{u - u) < -^ + CS(l + Z 

Now using ( 1 ^ we can choose (5 <C 6 <C 1 to obtain a bound —Ut{xQ,to) < 
In case (ii), we see that (12.5p holds. By (I4.10p . we have 

bC{u — u)4 

(4.13) 


bC{u - u)+^—F^^Ul + 5{F^^Uu - F^ut) 


<-^+C',52(l + Z^”) +C{5Fb^)Y2P''- 


Note that 

(4.14) 


52 


—F"C /2 > - Z-^*^ 


and 


(4.15) £(:u-u)>0 

by the concavity of F. Therefore, by (14.131) . (14.141) and (14.151) . we have 

(4.16) <-—+ C(52+CZ^'"- 

Ut ^ 

By (II.IOL similar to [TU] . 

-Ut ( Z + P") ^ - f^KU), -Ut) + Z - F^ut 

(4.17) > fi-utl) - f{\{U),-Ut) - Jfo ( Z 

> 26 o + Mt(Z^" + ^") 


for some uniform constant 60 > 0, provided —Ut is sufficiently large, where 1 = 
(!,...,!) G R"'+^. It follows that, by (12.5p . 


-F^ut > 


—Put / 

V^T+TV^ 


pv. 


■F^ 


> 


— Put ^ ^ 
2i/n + 1 V ^ 


pii pn 


Choose 5 sufficiently small such that 

PboS 

2 '\/7Z -)- 1 


(7(52 > > 0 


Pbo 

2-^/ 7T. + 1 
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for some constant ci. Therefore, we can derive from (j4.16|) that 

c- 


, , f CWn + i O' I 

-Ut[Xo,to) < max|- — -, — 


So (|4.2D holds. 

Similarly, we can show 

(4.18) 
by setting 


suprtt < C(1 + sup Ut) 
Mr VMt 

W = supute'^ 

Mt 


and (f) = — Su + b{u — u). 

Combining (14.21) and (14.181) . we can see that (14.11) holds. 

Since Ut = (pt on SMt and (11.171) . we can derive the estimate 
(4.19) suplutl^C. 

Mt 


□ 


5. Global estimates for second order derivatives 

In this section, we derive the global estimates for the second order derivatives. 
We prove the following maximum principle. 

Theorem 5.1. Let u 0 be an admissible solution of in Mt- Suppose 

that (fOl) . (fLl) and cm hold. Then 

(5.1) sup |V^u| < (7(1 + sup |V^u|), 

Mt VMt 

where C > Q depends on \'^t\c°(MT))’ \'4 ’\c^(mT)) other known data. 

Proof. Set 

W= max max + Y(f,£))e^, 

(x,t)GM7?6'rxM.|a=l 

where cj) is a function to be determined. We may assume W is achieved at {xo,to) G 
Mt — VMt and G Tx^M. Choose a smooth orthonormal local frame ei,..., e„ 
about xo as before such that = ei, Ve^ej = 0, and {Uij{xQ,tQ)} is diagonal. We 
see that W = Uii(xo,to)e'^^^°’^°\ We may also assume that Un > ... > Unn at 
{xo,to). 

Since the function log([/ii) + (f attains its maximum at [xo,to), we have, at 

{xo, to), 

(5.2) ^ g ^ 

On 

/c o^ (ViiM)t , ^ ri 

(5.3) — -+ > 0, 

(til 
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Therefore, by (15. and (15.4p . we find 
1 


(5.5) 
By tli 

(5.6) 


C<t> < --^(F"V,.t/ii - F"(Viiw)t) + 

Oil Oil ^ 


By the formula 

~ klijV =R^i.VimV + Vif + Ruk^jmV 

+ R^l^VimV + RfaVkmV + VkRfa^^v 

we have 

(5.7) Viit/ii > ViilTii — CC/ii, 

Differentiating equation CH) twice, we have 

Viit/„- - F'ViiUt + Fy’'='ViC/„Vil7fez 


(5.8) 


+F^^(ViWt)^ - 2F*^’^ViC/„-ViWt = Viii) > -C. 


It follows from (15.5L (15.71) and (15.81) that 


(5.9) 

where 


C 


C(l)< —+ Cy F" + .E, 

Dll ^ 


E = ^(F^^’^^-ViDy ViDfei - 2F*^’"ViD.,Viut + i^""(Viut)") + 


Dll 


Dll 


E can be estimated as in using an idea of Urbas m to which the following 
inequality proved by Andrews [T] and Gerhardt [7] is crucial. 


Lemma 5.2. For any symmetric matrix 77 = { 77 ^} we have 

a2 f 

pij,kl 


f 

VijVki = y a, - A 




. . d\d\j 

1,3 

The second term on the right hand side is nonpositive if f is concave, and is inter¬ 
preted as a limit if Xi = Xj. 

Similar to [5], we can derive (see [3] also) 

(5.10) ^ < y i^"(V,<())2 + C y F" + y (Vi(/))^ 


ieJ 


i£K 


ieK 


where J = {i : HUu < —Dn} and K = {i : HUu > —Dn}. 

Let 

(j)= -^- 'rb{u-u), 

where <5 and b are positive constants to be determined. Thus, we can derive from 
(15.101) that 

(5.11) E<Cb^Y^ F" + + C y F" + ^(d^Di^i + b^)F^^. 

i^J i^K 

On the other hand, by (j.3.71) and (13.101) . 

C(j) = SF^^^{X/,kuf + 6X/kuF^^X/ukU - SX/kuF^{X/ku)t + bC{u - u) 


> SF^^Ul + bL{u - m) - C(5(l + y F") 


(5.12) 
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Combining (15.9|) . (15.1111 and (j5.12j) . we obtain 

(5.13) + bC{u -u)<-^ + Cb^Y^ H 

iGJ 

provided 5 is sufficiently small. Note that \Ujj\ > ^Cn, for j G J. Therefore, by 
(I5.13L we have 

(5.14) ^F^^ul + bC{u-u)<c(l + Y.P'') 
when Ufi > maxICfo^/iJ, 1}. 

Now let fio = fJ-ixojto) and Ao = X{xo,to). If |Ao — /io] > 13, we can obtain a 
bound of Uii{xo,to) by (j2.4l) as in [9]. 

If |Ao — ^o| < 13, we see that (12.51) holds. Let A = X{U{xo,to)). We may assume 
|A| > \ut{xo,to)\- Similar to [TO], by the concavity of /, 

I A| ( ^ + F") > /(I A|l) - f{X{U), -ut) + F^Uu - F^ut 

(5.15) > /(|A|1) - f{X{U), -u,) - |A| ( ^ F" + F") 

>26o- |A|(^F” + F") 

for some uniform positive constant fog, provided |A| is sufficiently large. By (12.5L 
(14.151) and (I5.14L we see that 

(5.16) 2co|Ap(^F" + F") < c(l + ^F"), 
where 

■ SVnTT' 

Then we can derive a bound of |A| from (15.151) . □ 


6. Boundary estimates for second order derivatives 


In this section, we consider the estimates of second order derivatives on SMt- 
We may assume tp G C‘^(Mt). For simplicity we shall make use of the condition 
(11.12(1 thouffh stronsrer results mav be oroved ('see [9]. [TO] and m- 

The pure tangential second derivatives are easy to estimate from the boundary 
condition u = p on VMt- So we are focused on the estimates for mixed tangential- 
normal and pure normal second derivatives. 

Fix a point (a;o,to) G SMt- We shall choose smooth orthonormal local frames 
ei,..., e„ around Xg such that when restricted to dM, e„ is normal to dM. 

Let p(x) and d(x) denote the distance from x G M to xg and dM respectively 
and set 

M^ = {X = {x, t)GM X (0, T] : p{x) < d}. 

We shall use the following barrier function as in [^. 


( 6 . 1 ) 

where 


W = AiV + A2P^ “ "^3 X] 

7<n 


N(P 


V = {u — + ad 


2 
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Now we show the following lemma which is useful to construct barrier functions 
(see Lemma [6l2|) . 

Lemma 6.1. Suppose p.4l) and (11.1211 hold. Then for any a > 0 and any index r, 

(6.2) ^ /, I A, I < a ^ A? + ^ ( ^ /. + F^) + C 

i^r 

Proof. If Ar < 0, by (I1.12L we see 

^ /i|Ai| = 2 ^ fi\ - ^ f,\ + F'^ut - F^ut 

Ai>0 

<a ^ /.A? + ^ E /* + + E /* + 

Ai>0 Ai>0 

and (16.21) follows. 

If Ar > 0, by the concavity of /, 

Ai<0 

< CT ^ fiXf + ^ ^ /i + ^ /zM* - F'^{u - u)t 

Ai<0 Ai<0 

<»i:/,a?+ii:/,+c(a:/,+f'). 

Ai<0 Ai<0 

Then (16.21) is proved. □ 

The following Lemma is crucial to our estimates and the idea is mainly from [10] 
and m (see [13] also). 

Lemma 6.2. Suppose that (11.31) . (11.41) and (|l.llll hold. Then for any constant K 
0, there exist uniform positive constants a,S sufficiently small, and Ai,Al 2 ,Al 3 , 
sufficiently large such that F > K{d + p^) in and 

n n 

(6.3) £F<-K(l + Y,fr\U + Y.J'^ + ^") 

i—1 2—1 

Proof. For any fixed (x, t) G M-f, we may assume that C/y and F‘^ are both diagonal 
at (x,t). Firstly, we have (see [5] for details), 

(6.4) £(Vfe(u-(^)) <c(l + ^/,|A,| + ^/, + F’"), Vl<A:<n. 
Therefore, 

(6.5) + + + 

Z<n l<Cn 

Using the same proof of Proposition 2.19 in [5], we can show 

( 6 . 6 ) 

l<n i^r 

for some index r. Write p = p{x, t) and A = A(x, t) and note that p = {p, —Uf) and 
A = (A, —ut), where p = X{U_). 


^ V 
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(6.7) 


We shall consider two cases as before: (a) \i'^ — v\\ < (3 and (b) \v^ — v\\ > /3. 
Case (a). By (12.511 . we have 

13 


/.> 


:(EA 


V1 < I < n. 


y/rT+T 

Now we make a little modification of the proof of Lemma 3.1 in m to show the 
following inequality 


( 6 . 8 ) 


E ^ Co E - Co ( E /* + c") 


i^r 


for some cq, Cq > 0. If < 0, we have 

(6.9) +C, 

i^r 

where C depends on the bound of Ut since 

y^^Xj - ut > 0. 

Therefore, by (16.71) and (16.91) . we have 

(6.10) frXl < nfr Y. Xj + Cfr < ^ + C ^ 

i^T i^T 

and (16.811 holds. 

Now suppose Xr > 0. By the concavity of /, 

(6.11) frXr < frfir “ F'^ {Ut - '^t) + Y ■^**^^* “ 

i^r 

Thus, by (j6.7ll and Schwarz inequality, we have 

iSjXl 


:(i:/. + F' 


( 6 . 12 ) 


\/n + 1 

< fr'Z < + E /fc E + (C")") 

fe/r i=^r 

<c(e/.+f^){(E/*+c^)+E/*^?}’ 

i^r 

where C may depend on the bound of |ut|. It follows that 
(6.13) /.A2 <cE/A" + c(E/^ + C") 

i^r 

and (j6.8p holds. 

We first suppose |A| > Rfor R sufficiently large. By (I5.15p . we see 


(6.14) 


E/*^* ^^o|A| 


when R is sufficiently large. Since |Vd| = 1, when a and i5 are sufficiently small, by 
(Ell), we have, 

Cv < (^C{u -u} + CQ{a + Nd) E /* - NF^^VdVjd) 


< - 


(6.15) 
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Note that for any cr > 0, 

(6.16) + 

Therefore, it follows from (16.81) . (16.151) and (16.161) that for any cr > 0, 

PAiN 


< - 


:{j2fk+F")+CA2j2f^ 


‘2'\/Tl \ 

—^ *^^3(1+E +E /r+ 


(6.17) 


< - 


i^r 

j3AiN 


2yfr. 




I"") - ^ E^ 


CA3 + E fi\^i\ + E ^ 


< - 


c(^2 + EjE/r+^^3(l + 7 


Let (7 = co/4, we find 
CW< - 


(6.18) 


< - 


< - 


pAiN f ^ , 

2v^ttILa + 

- 


C(/l2+/l3)(E/r 

+ F"' 

1 + C 243 


l3AiN 1 

2^sttILa + 

F^) - 

Ascobo 

8 

lAI-AaE/rl^r 

C(242+243)(E/r 

+ F"^ 

) +C 243 


/3AiN / . 

2 AittILa + 

F") - 

- ^43 ^1 + 

E/*|Arl) 

C(242 + 243 ) ^ E] fi 

+ F"' 

) 



by choosing R > SC/cgbo + 1. 

11 |.^| ^ 1^7 by (11.31) and (II3|, we have 


Cl/ < {F*l} < Cl, Cl < < Cl 


for some uniform positive constants ci, Ci which may depend on R. Therefore, we 
have 

(6.19) CF < C(-Ai + yl2 + /l3)(l + E /* + E + F^) 

where C depends on ci and Ci. 

Case (b). By Lemma ETTl we may fix a and <5 sufhciently small such that i; > 0 
in and 


( 6 . 20 ) 


/:n<-|(l + E/r+^") in M^. 
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Thus, by Lemma l6.11 we have 

i^r 

i^r 

CAs) + + -yl3^/.|A,|. 

Checking (16.181) . (I6.19|) and (I6.2ip . we can choose Ai ^ A 2 ^ ^ \ such that 

(16.3[) holds and 'P > K{d + p^) in M^. Therefore, Lemma 15^ is proved. □ 

The estimates for mixed tangential-normal second derivatives can be established 

immediately using S' as a barrier function by dSH) and the maximum principle (see 

0 )- 

The pure normal second derivatives can be derived as [9] using an idea of 

Trudinger [53]. The reader is referred to |3] for details. 
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